HOCHSCHILD COHOMOLOGY OF SOCLE DEFORMATIONS OF A CLASS 
OF KOSZUL SELF-INJECTIVE ALGEBRAS 



NICOLE SNASHALL AND RACHEL TAILLEFER 



Abstract. We consider the socle deformations arising from formal deformations of a class of 
Koszul self-injective special biserial algebras which occur in the study of the Drinfeld double of 
the generalized Taft algebras. We show, for these deformations, that the Hochschild cohomology 
ring modulo nilpotence is a finitely generated commutative algebra of KruU dimension 2. 



Introduction 



Let K he a field. For m ^ 1, let Q be the quiver with m vertices, labelled 0,l,...,m — 1, and 
2rn arrows as follows: 



Let ai denote the arrow that goes from vertex i to vertex i + 1, and let di denote the arrow that 
goes from vertex z + 1 to vertex i, for each i = 0, . . . , m — 1 (with the obvious conventions modulo 
m). We denote the trivial path at the vertex z by e^. Paths are written from left to right. 

We define A to be the algebra KQ/I where / is the ideal of KQ generated by 0^0^+1, di^idi^2 
and aidi — di-^iai^i, for i = 0, ...,rn — 1, where the subscripts are taken modulo m. These 
algebras are Koszul self-injective special biserial algebras and as such play an important role in 
various aspects of representation theory of algebras. In particular, for m even, this algebra occurred 
in the presentation by quiver and relations of the Drinfeld double of the generalised Taft algebras 
studied in [5], and in the study of the representation theory of {/g(s[2), for which, see [H [HI HH [13] • 
The Hochschild cohomology ring of the algebra A was determined in [11] (where A = Ai in that 
notation) . 

In this paper we study socle deformations Aq of the algebra A, where q = (go, 91, • • ■ , <lm-i) G 
[K*)™' . The first section of this paper shows that Aq arises from a formal deformation with 
infinitesimal in HH^(A), and, further, that it is a socle deformation of A, that is, Aq is self- 
injective and Aq/ soc(Aq) = A/soc(A). The algebras Aq for m = 1 were studied in [2,, where they 
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were used to answer negatively a question of Happel, in that their Hochschild cohomology ring is 
finite-dimensional but they are of infinite global dimension when q G K* is not a root of unity. 

For a finite-dimensional iiT-algebra F with Jacobson radical r, the Hochschild cohomology ring 
of F is given by HH*(F) = Extpe(F,F) = ©„^o Extpe (F, F) with the Yoneda product, where 
pe _ pop p ^YiQ enveloping algebra of F. Since all tensors are over the field K we write ® 
for ®K throughout. We denote by TV the ideal of HH*(F) which is generated by all homogeneous 
nilpotent elements. Thus HH*(F)/7V is a commutative iiT-algebra. The Ext algebra E{T) is defined 
by E{T) = Extr(F/c, F/r) = ©„^o Extr(F/t, F/r). The graded centre oiE[V) is denoted Z^,(E{V)) 
and is generated by all homogeneous elements z G Extp(F/t, F/r) for which zg = {—l)™'"gz for 
all g G Ext™ (F/r, F/r). The natural ring homomorphism HH*(F) — > E{r) has image contained 
in Zgr(£'(F)); it was shown in |3] (and see [7] for a generalization), that the image is precisely 
Zgr{E{r)) when F is a Koszul algebra. 

Section 2 of this paper describes explicitly the structure of Zg,-{E{Aq)), the graded centre of the 
Ext algebra of Aq, for all m ^ 1, q S (-fC*)™ and in all characteristics (Theorem 12.61) . In the final 
section, we determine the Hochschild cohomology ring modulo nilpotence of the algebras Aq for all 
q = (go, • ■ • 7 Qm-i) G (A'*)™, and show, in Theorem l3.21 that HH*(Aq)/7V is a commutative finitely 
generated X-algebra of Krull d is a root of unity. It was conjectured 

in [TU] that the Hochschild cohomology ring modulo nilpotence of any finite-dimensional algebra 
is always a finitely generated i^T-algebra. Although it was shown by Xu in [14] (and see [9]) that 
this conjecture is not true in general, with a counterexample being provided of a Koszul algebra 
that is not self-injective, the current paper gives a class of Koszul self-injective algebras where the 
Hochschild cohomology ring modulo nilpotence is a finitely generated if-algebra and the conjecture 
of [TU] holds. This provides a further contribution to the study of the structure of the Hochschild 
cohomology ring for Koszul algebras. 



1. Socle deformations of A 

Let A = KQ/I where / is the ideal of KQ generated by aiUi^i, ai-iai-2 and aiUi — ai-iai-i, for 
i = 0, 1,...,TO — 1. We write 0(0;) for the trivial path corresponding to the origin of the arrow a, so 
that o{ai) = Ci and o{ai) — e^+i. We write t(a) for the trivial path corresponding to the terminus 
of the arrow a, so that t{ai) = e^+i and t(ai) = e^. Recall that a non-zero element r G KQ is 
said to be uniform if there are vertices u, w such that r ^ vr ~ rw. We then write v — o(r) and 
w = t(r). 

A minimal projective bimodule resolution (P",9") for A was given in [TT] Theorem 1.2]. With 
the notation of [TT], the projective is described by 

m-l 2 

where 

9o,i = aifli+i, 9i,i = aidi - di^iat^i, gj ^ = -ai_ia,,_2 
for i = 0, . . . , m — 1. We remark that the set {g^ ^ | i = 0, . . . , m — 1, r = 0, 1, 2} is a minimal set 
of uniform relations which generate /. Then, from [111 Propositions 4.1, 5.1, 5.6, 6.2 and Theorem 
7.2], for all m ^ 1, there is an element tt in HH^(A) which is represented by the bimodule map 
TT : A in which the element eg ^ Cq € Ao{gf g) ^ t(ffi 0)^ has image agao G A and all other 

summands of have zero image. We label the idempotent generators of the summands of P^ 
as follows: for each i — 0, 1, . . . , m — 1 and r = 0, 1, 2, write ®r,i Si+2-2r for the idempotent 
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® *^(5r,i) = ei®ei+2-2r in the summand ko{gl^^)®i{gl^)K. When describing a map A, 
we omit summands whose image is zero. Thus we may write tt as the map 



TT : eo ®i,o eo aoflQ. 

Now, 51 = floflo — oim-iam-i- Since A is Koszul, by [fl Proposition 3.7], the element tt gives rise 
to a unique formal deformation A(r) of A, which, when we specialize the deformation parameter 
T to t £ K, gives the algebra A(t) = KQ/I{t), where I{t) is the ideal of KQ generated by 0^0^+1, 
ai-iai-2, djCLj — aj-iGj-i and (1 — t)aodo — dm-iam-i for i = 0, . . . , m — 1, j = 1, . . . , m — 1. We 
restrict ourselves to considering the case i 7^ 1, since, if t = 1, then the algebra A{t) is not self- 
injective. In the case where i = 0, we recover the original algebra A. The algebra A{t) for t £ K\{1} 
is a Koszul self-injective algebra, and we can easily verify that A/ soc(A) = A(t)/ soc(A(t)), so that 
A(t) is a socle deformation of A. 

This naturally leads us to introduce the algebra Aq which we will study in this paper. Suppose 
m ^ 1. For each q — (go, 91, • • • , ^m-i) S (K*)™, we define Aq = KQ/Iq, where /q is the ideal of 
KQ generated by 

aiflj+i, di^iai^2, qittidi - ai_ia,j_i for i = 0, . . . , m - 1. 

Then A{t) = Aq with q = (1 — <, 1, . . . , 1). We are assuming each qi is non-zero since we wish to 
study self-injective algebras. The algebra Aq is a Koszul self-injective socle deformation of A, and 
Aq = A when q = (1, 1, . . . , 1). 

Now, for m ^ 2 and q = (1, (ji, 1, . . . , 1), the algebra A^i^ 1 1) comes from a formal deforma- 
tion of A via the element of HH^ (A) which is represented by the map 

■qi : A, ei ei OiSi. 

It can be easily verified using that 771 and tt represent the same element in IIII^(A). More 
generally, for j = 1 , . . . , m — 1 the map 

rjj : ^ A, Cj 01 J- ej 1-^ ajdj 

also represents the element tt G IIII^(A). Thus the algebra Aj^^^^^ ^^_^_^) comes from a formal 
deformation of A by a scalar multiple of the element tt. But A(^p can also be obtained 

from a formal deformation of A where we only replace the relation g^Q = aodo — dm-iCLm-i by 
(<Zo • • • 97)1-1)0000 — a,m-iam-i with qa ■ ■ ■ qm~i G K*. Indeed we can give an explicit isomorphism 
A(5(,,gi,....<;„_i) ^{q(,qi---qrr.-ui, ■■■,!) algebra isomorpHsm induced by ^ q^qi ■ ■ ■ qiai,di H> 

di. Set C = qmi ■ ■ ■ qm-i e K*. Then A(^g_^j^...^g_^_^) ^ A(^_i_...^i) = A(l - C)- 

However, there are other elements of IIH^(A) which we need to consider to see if they too give 
rise to a socle deformation of A. For m ^ 4 and using fTT, Propositions 2.3, 2.4], we have 



dimHH2(A) 



1 if m odd and char K ^2 

2 if m even, or if m odd and char K = 2. 

Then, for m ^ 4 and from [TT, Propositions 4.1, 5.1, 5.6], HH^(A) has basis 

if m odd and char K ^2 
if m even, or if m odd and char K ~ 2 

where 

X ■ 6i ^ i^^Y'^i for i = 0, . . . , m — 1. 

Let TO ^ 4 and let r/ e HH^(A). Then, by 1, Proposition 3.7], rj is the infinitesimal of the formal 
deformation of A which, when the deformation parameter is specialized to t £ K, gives the algebra 
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KQ/ J,^, where is the ideal in KQ generated by a^ai+i, ai_iai_2, 0^0^ — a,i_iai_i — tri{ei e^) 
for i = 0, . . . , m — 1. 

Theorem 1.1. Lef to 4, G HH^(A) and as above. Then KQ/ is a socle deformation of 
A if and only if rj Cz sp{7r}. 

Proof. As we have seen above, we can set 77 = biir + &2X for some &i, 62 in K. Then the ideal J,, is 
generated by OiOi+i, 0,1-10,1^2, djOj - a^-iaj-i - t{-iyb2ej, aoOo - Om-iCLm-i - tb2eo - tbiooao 
ioi i — 0, . . . ,m ~ 1 and j = I, ... ,m — I. Therefore the algebra A := KQ/ has a A'-basis given 
by {ei, Oi, CLi, Oidi] i = 0, . . . , to - 1} . 

We first assume that 62 7^ 0. Note that, for alH = 0, . . . , to — 2, we have 

OiCiiai = fli [oi+iOi+i + (-l)'+462ei+i) = (-l)'+462ai 

and similarly, for i = m — 1, am-iam-iam-i = (— l)'"i&2am-i- Therefore, for any i = 0, . . . , to — 1, 
Aoi has a if-basis given by {ai,aiai} . Hence Aa^ is 2-dimensional and it is easy to check that it 
is simple. We now show that the modules Aui for i = 0, . . . , to — 1 are pairwise non-isomorphic. 
Suppose that there is a non-zero A- module morphism / : Aa^ — > Aoj. Then 6^/(0^) = /(a^) and 
/(oi) £ sp {ajyCijaj} so that i = j or i = j + 1. If, moreover, / is an isomorphism, we have a non- 
zero morphism Aaj — t- Aoi, and we get that j^i or j = i + l. Therefore there is an isomorphism 
/ : Aflj Aoj if and only if i = j. Thus we have to pairwise non-isomorphic 2-dimensional simple 
A-modules, so that diuiK soc(A) ^ 2to > to = dim^f soc(A). Hence A/ soc(A) is not isomorphic to 
A/ soc(A) so that A and A are not socle equivalent. 

Now assume that 62 = and bi ^ 0. Since a socle deformation of A must be a self-injective 
algebra, necessarily tbi ^ 1. It is easy to check that the socle of A is the submodule generated by 
the OiOi for i = 0, . . . , TO — 1 so that A/ soc(A) = A/ soc(A), that is, A is a socle deformation of 
A. □ 

Thus, for TO ^ 4, the socle deformations of A which arise from formal deformations are precisely 
the algebras Aq, and the infinitesimal of the formal deformation is (a scalar multiple of) tt G 
HH2(A). 

For TO — 1,2,3, there may be other socle deformations of Aq which come from formal defor- 
mations. However, for m = 3, it can be shown that there are no additional socle deformations 
arising in this way. But, for to = 2, the elements 1^2-1 and 1:2.1 in HH^(A), which are given in [111 
Proposition 6.2] by 

7r2 -1 : eo ®2fi eo ^-> aoSo 
1^2,1 ■ eo 'S'o.o eo oooo, 

both give rise to the same socle deformation A' of A, and, moreover. A' is not isomorphic to Aq. 
We do not consider any additional socle deformations for m = 1, 2 in this paper. 

Throughout this paper we suppose m ^ 1, and consider the socle deformation Aq of A. We 
write Aq = KQ/I^, where /q is the ideal generated by a^ai+i, ai-iai-2 and qiUiOi — ai^iOi^i 
for i = 0, . . . , m - 1, and where q = (go, 9i, • ■ • ,qm-i) e (if*)™ and C = 9091 • • • 9m-i e K*. In 
the case to = 1, where the algebra A(g) was considered in [2], different phenomena were exhibited 
depending on whether or not q was a root of unity. Correspondingly, we will see in this current 
paper that we obtain different results depending on whether or not C is a root of unity. 
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2. The graded centre of the Ext algebra of Aq 



We start by describing the Ext algebra E{Aq). In Proposition l2.2l we give some specific elements 
which lie in Zgi-(-E'(Aq)). The remaining results lead to Theorem 12.61 in which we prove that 
these elements generate the graded centre of the Ext algebra, thus enabling us to give a complete 
description of Zgr{E{Aq)). The algebras Aq were studied in [2] in the case m — 1; this case is also 
included here. 

The algebra Aq is Koszul so, from iGj Theorem 2.2], the Ext algebra £'(Aq) is the Koszul dual 
of Aq and is given explicitly by quiver and relations as -E(Aq) = KQ°p /I^, where Q is the quiver 
of Aq and /q is the ideal of KQ°^ generated by the orthogonal relations to those of /q. Since 
left iirQ°P-modules are right if Q-modules, we may consider -E(Aq) as the quotient of KQ by the 
ideal generated by q~^aiai + Hi-iUi-i ior i — 0, . . . ,m — 1, where we continue to write our paths 
from left to right. Let denote the path a^ai+i • • • ai+„_i of length n in KQ which starts at the 
vertex i and in which the subscripts are taken modulo m. Similarly we let 5" denote the path 
Oi+n-i • • • Oi+iOi of length n in KQ which ends at the vertex i and in which the subscripts are 
again taken modulo m. Thus a typical monomial in E{Aq) has the form 7f(5j for some integers 
s,t ^ and ^ i, j ^ m — 1. The algebra £'(Aq) is naturally graded by the length of paths. Note 
that there is also a Z-grading on the algebra -E(Aq) for which the degree of is 1, the degree of 
cii is —1 and the degree of is for all i = 0, . . . , to — 1. Thus the length of a monomial 7f 5* is 
s -\-t and its degree is s — t. In particular, two such monomials with the same length have different 
degrees. 

Let z e Zgi.(i?(Aq)). Then z — X^i^lo^ eize^. For each i = 0, . . . , m — 1, a typical monomial in 
eiE{Aq)ei has the form 7|(5* for some integers s,t ^ where s = t (mod m). Moreover, using the 
gradings mentioned above on £^(Aq), Zgr{E{Aq)) is generated by elements which are both length 
homogeneous and degree homogeneous. So, since we can assume that z is homogeneous for both 
gradings, we may write 

m— 1 

where Ci G K, Si,ti ^ 0, =ti (mod m), Si+ti — so+to and Si—U = SQ—to for i = 0, . . . , m — 1. 
Keeping our convention on subscripts modulo to, we have cq = Cm, sq = Sm and to = tm- 

Now, for ^ j'^ TO — 1, we have 

UjZ - Cj+iaj-fj^^ dj^^ - Cj+i7j- dj^^ 

and 

zaj = Cj-/"/S*/aj = {-lY'Cj{qj+i ■ ■ ■ q^+t^y^l'/^^S'^/^j^. 

Since ajZ — (— l)''°+*"zaj, we have, for all — 0,...,to — 1, that either Cj = or Cj+i = 
{-ly^Cjiqj+i ■ ■ ■ qj+tj)~^, Sj = Sj+i,tj = tj+i. If Cj = for all j = 0,...,to - 1, then z = 0. 
So we assume now that z ^ 0. Then, for j ~ 0,...,to — 1, we have Sj — so,tj — to and 
c,+i = {-lY"c,{q,+, ■ • • q,+,J-i ^ 0. Thus z = o' CzTf^*" ^ 0. 
For 5j J ^ TO — 1, we have 

a,z = c,a,^f5^' - {-iy°c,{q, + , ■ ■■q,+so)-'l]USf+' 

and 

za, = c,+i7;^^^i«, - c,+i7;^'5*°+^ 
Since cijZ = {~iy°^*° zaj, we also have, for all j = 0, . . . , to— 1, that Cj+i = { — iy°Cj{qj+i ■ ■ ■ qj+sa)~ 
Thus z = E"o^ with Cj+i ^ {-iy"Cj{qj+i ■ ■ ■ qj+to)^^ = i-iy°cj{qj+i ■ ■ ■ qj+so)^^ for 

J = 0, . . . , TO — 1, and So = to (mod to). 
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From the equations Cj^i =^ (—lY"Cj{qj^i ■ ■ ■ qj+ta) ^ we have that 

Co = {~^)"''°{qO ■ ■ -qto-iy^ill ■ • •'7to)"^(9m-l ■ • •9m-2+to)"^Co. 

Since cg 7^ and C = go • • • q-m-i we get 1 = (_i)™''0(--to 

In a similar way, the equations Cj+i — (— l)*°Cj((7j+i • • • qj+so)^^ imply that 

It now follows immediately that if C is not a root of unity then so = = 0, and so Cj — cq for 
all j. Hence z = cqI with cq ^ K. This gives the following result. 

Proposition 2.1. If ( is not a root of unity then Zgi (i?(Aq)) — K. 

We now assume that C is a root of unity, and let d ^ 1 be minimal such that (^"^ — 1. We 
use the equations in Cj and Cj+i to write each q in terms of co for i — 0, ...,m — 1. Thus 
we summarize the information about z G Zgi-{E{Aq)) as follows. We have z — J^iLo^ (^ili" ^1" 

with c, - (-ir°nLi(%---9fc+to-i)"'co = (-iy*°nLi(9fc---'?fc+.o-i)"'co, e = (-ir*«, 

(*o ^ (_i)mso and So = to (mod m). 

The next step is to verify that specific elements do indeed lie in the graded centre of the Ext 
algebra. The proof is straightforward and is omitted. 

Proposition 2.2. Suppose that is a primitive d-th root of unity. 

(1) Suppose that m is even or char if = 2. 

Let X = YZ^if"\ y = Ello'^f" <^nd w = Ello'l-l)'^' HLil* ' ' " ft+^^-O^Wf^f • 
Then x,y,w £ Zgr{E{Aq)). 

Moreover = exy where e = (-l)™''/^ ]Xh=i nfcLi(9fc ' ' ' ^k+d-iY^ ■ 

(2) Suppose that m is odd and chai K ^ 2. 

r , lYl^^^lf"'' if d is even , , I 1^7-0^'^,*" if d is even 
Letx = { ±^ I, , lety ^ < r^'T^, ' , and 

■\^rn~l ■,Am. jj^j^odd ^ lEr=0 '^f if d IS odd 

ifd = (mod 4) 

let w = E"o'(-l)'" riLife ■ • ■ qk+.d-i)-hr''Sfd where a ^ {l ifd = 2 (mod 4) 




if d is odd. 



Moreover 



Then x,y,w G Zgi-{E{Aq)). 

w™ = exy if d = (mod 4) or d is odd 
w^™ = exy if d = 2 (mod 4) 
UZ~i^ U'k=iiqk ■ ■ ■ Qk+d-ir^ ifd = (mod 4) 
where e = Uf^i^^ ni=i(% ' ' ' Qk+d-iT^ if d = 2 (mod 4) 
.n^lT^nfc=i(9fc"-9fe+2d-i)"^ ^fd is odd. 



The main result of this section is Theorem 12.61 which shows that Proposition 12.21 contains 
precisely the information needed to fully describe the graded centre Zgr(i?(Aq)). Propositions 12.41 
and 12.51 show that, where C is a root of unity, Zgr(-E(Aq)) is indeed generated by l,x,y and w as 
a ii'-algebra. The next result. Lemma [2.31 is required to show that the only relation between the 
generators of Zgi.(i?(Aq)) is the relation of the form ~ exy as given in Proposition[ 
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Lemma 2.3. With the notation of Provosition [KM suppose that Zgi.(£'(Aq)) is generated as an 
algebra by the elements 1, y and w with homogeneous relation — £xy, for appropriate e G K* 
and positive integer p. Then 

ZM^^)) ^ K[x,yMI {w" ' exy). 

Proof. Using the length grading on i?(Aq), we know that Zgi.(£'(Aq)) is a homogeneous quotient 
of K[x, y, w]/ {wP — sxy), where e,p are as given in Proposition [^21 Now, the elements x*?;"^*, for 
i = 0, . . . , n, are linearly independent in i?(Aq). So any additional relation in Zgi.(ii'(Aq)) must be 
homogeneous of the form 

foix, y) + fi{x, y)w H h fp-i{x, y)wP^'^ = 

where ft{x,y) £ K[x,y] and deg(/o(x, y)) = deg(/i(a;, y)u;) = ••• = dcg{fp^i{x,y)wP~^). Thus 
deg/o(a;,y) = deg fi{x,y) + \w\ and, since |a;| — \y\, there are integers r,n with deg/o(x,y) = n\x\ 
and deg/i(a;, y) = r\x\. 

In the case m even or char if — 2 with to ^ 2, we have \x\ = \y\ = md, \w\ = 2d, which gives 
nmd = rmd + 2d so that 2 — {n — r)m. Since to ^ 2, this implies m = 2 and r = n — I. Then 
p = 2 and \x\ = \y\ = \w\ = 2d. We may choose n minimal so that fo{x,y) + fi{x,y)w = 
with degfo{x,y) = 2nd, deg y) = 2{n - l)d. Write fo{x,y) = E"=o ^^2;*?/"-* and fi{x,y) = 
Z]r=o^ 6ja;*2/""'"^ with b^,b^ e K. Then fo{x,y) = f^{x,y)w'^ = ef^{x,y)xy. Equating coefficients 
of a;^" and y^" gives that bo = ~ bn- Thus fo{x,y) = g{x,y)xy = e~^g{x,y)w^ for some 
g{x,y) G K[x,y]. Hence £~^g{x,y)w'^ + fi{x,y)w = so that e~^g{x,y)w + fi{x,y) = which 
contradicts the minimality of n. 

Now, suppose that to is odd with to 5^ 3, and charX 7^ 2. If d is even, we have |a;| = \y\ = md. 
If d = (mod 4), then \w\ = 2d, which gives nmd — rmd + 2d so that 2 = (n — r)m. Since 
TO 5^ 3 this has no solution. If d = 2 (mod 4) then \w\ — d, which gives nmd = rmd + d so that 
1 = (n — r)m, and, again, this has no solution. Finally, if d is odd, then = |y| — 2md and 
\w\ — 4d. Hence 2nmd = 2rmd + 4d so that 2 = (n — r)m, which also has no solution. 

Finally we consider the case where m — 1. If chai K = 2, or if char if 7^ 2 and d = (mod 4) 
or d is odd, then we have, from Proposition 12.21 that w = xy, so that Zgi.(ii'(Aq)) = K[x,y]. So 
suppose that char if ^ 2 and d = 2 (mod 4). Then = |y| = d = \'w\ with = exy where 

£ = Y[t=iilk ' ' ' <lk+d-i)~^ ■ Then we have nd ~ rd + d so that r = n — 1. We may choose n 
minimal so that fo{x,y) + fi{x,y)w — with deg/o(a;,y) = nd, deg fi{x,y) — {n — l)d. Write 
/o(x, y) = Y^i^o biX''y"~'' and fi{x, y) = YhZo &ia:*y""'"^ with bi, h G K. We now apply the same 
argument as that used above for the case to = 2, to get a contradiction to the minimality of n. 

Thus there are no additional relations among the generators x,y,w, so it follows that 
Zg,iE{A^))^K[x,y,w]/{wP ~£xy). □ 

The next stage is to determine Zgi.(i?(Aq)) in the case where to is even or char if = 2. 

Proposition 2.4. Suppose that C is a primitive d-th root of unity and that to is even or char if = 2. 
Then, keeping the notation of Proposition \2.'A 

Zg,(i?(Aq)) = K[x, y, w]/{w^ - exy) 
where e = (-l)™'^/^ n;:"' nlli i<lk ■ ■ ■ Qk+d-i)-' ■ 

Proof If TO is even or char if = 2, then = (-1)"*" = 1 and C*" = = 1. Thus d\sQ 

and d\to. We also have that sq = to (mod to) so, to = sq + rm for some integer r. We know 
ci = (— l)*"((7i ■■■qto)~^co = (— l)*"((7i ■ ■ ■ qso)~^co. If to is even then sq and to have the same 
parity, so we have that (—1)''" ~ (—1)*". Hence qi ■ ■ ■ qto = qi - ■ -qso- Thus, if to ^ sq, we have 
qso+i ■ • ■ 9*0 — 1' and if sq ^ to, then we have qto+i ■ ■ 'qso = 1- Hence, in both cases, we have 
(^"^ ~ I and d\r. Thus to = so + hdm for some integer h. 
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Write z G Zgi.(£'(Aq)) as z = E"o^ ^,7^ (5*°. Suppose first that so = = 0. Then = cq for 
i = 1, . . . , m — 1 so that z = cqI. Now suppose that sq = but ^ 0. Then z = X]i=o^ ^^(5,-° with 
io = hdra for some /i > 1 and Ci — (— l)**''co for z = 0, . . . , m — 1. Since m is even or char/iT = 2, 
we have q = cq for all i and so z = cq X^I^o <Jf'''" = co(X]i!lo '^f™)'' = cqJ/'*. Similarly, if = 
but So 7^ Oj then sq = hdm for some /i > 1 and z = cqx''. 

So suppose now that sq 7^ and io 7^ 0. Without loss of generality, assume that to so so 
^0 = So + /idm for some integer ft, ^ 0. Recalling that (—1)*° — (—1)*°, then 

^ = e::o'(-i)'*° nLife • • • q^.^s.^^r'c^T^ 
= E"o'(-i)^^° nLi(ft • • • %+.o-i)-'co7r^r^f''" 

Write So — adm + s with ^ s < dm. Then (using again that m is even or charii' = 2), 
we have (-1)^" = and qk ■ ■ ■ Qk+so-i = C°"^qk ■ ■ ■ Qk+s^i = Qk ■ ■ ■ Qk+s-i- Also, j-°S^^° = 

l^ht^'S^^nSf = 7l(Er="o' 7f™^f ™)'5,r. Now ErJo' if'^Sf"^ = iET=o lfn(ET=^' ^f") = 
x"y". So 7^^"^^" = 7f by Proposition 12. 2[ Thus it is sufficient to consider 

z^Y.^-irX{{qk---qk+s-irH^t 
i=0 k=l 

where ^ s ^ dm — 1. 

Now djso so d\s, and thus s G {0, d, 2d, . . . , (m — l)d}. Let s = jd and define 



m — 1 



2. = E(-i)'''Tl(9fc---*+^'^-i)"'^f''5f 

i=0 fc=l 

for j = 0, 1, . . . , m. If J = then zq = 1; if j = 1 then zi = w, and if j = m then Zm = 
Ello'(-l)™''nLi('?fc---9fe+™rf-i)"'7r'''5»™'' = E^oSr''^^'"'' = ^.y. Moreover, it is easy to 
verify that ZjW — (—1)^'' nilil'Zfe ' ' ' Qk+d-i)^^ Zj+i for j = 0, 1, . . . , m — 1. We also have that 
= {-l)^'^='^"'iUiZlUk=iiQk---qk+d-ir^)zj for J = 0,l,...,m-l. Hence Zg,{E{A^)) is 

generated as an algebra by l,x,y,w with w"' = (-l)""^/^(nr=T^ Ilfclil^fc ■ ■ ■ qk+d-iy^)xy = exy. 
The result now follows from Lemma [^751 □ 



We now consider the case where m is odd and charii' ^ 2. 

Proposition 2.5. Suppose that is a primitive d-th root of unity, that m is odd and chariiT ^ 2. 
Then, keeping the notation of Proposition \2.2l 

Z (E(A ]] \ K[x,y,w]/ {w"^ — exy) if d = (mod 4) or d is odd 
^'■^ ^ ~ \K[x,y,w]/{w^"^ -exy) if d = 2 (mod 4) 

f iTiTi' nllife • • • Qk+d-i)-' tfd = (mod 4) 
where e = <^ Jlfrr ' Ukll ilk ■ ■ ■ qk+d- tf d = 2 (mod 4) 
lnr=T^ Uk^iilk ■ ■ ■ qk+2d-i)'^ if d is odd. 

Proof. From the conditions C^" = (-1)™*" and C*" = (-1)™^", we get C^'*" = 1 = C^*° which 
gives d|2so and d\2tQ. We also have that so = to (mod m) so, to = so + ^'^i for some integer r. 
We know ci = {~IY° {qi ■ ■ ■ qtoV^ = (-l)*«(gi • • • q^J-^co. If to ^ so, we have q^o+i • • • gt^ = 
(-l)*"""*", and, if so ^ to, we have qt„+i---qso = {-IY°~^° = (-1)*"^"". Hence, in both cases, 
C — (— 1)*"^^°. Thus d\2r and so dm\2{tQ — so). Now write sq — adm + s and to — f3dm + 1 with 
^ s,t < dm. Then ctm|2(t — s). Moreover, we may assume without loss of generality, that t ^ s 
so that 2(t - s) e {0,dm}. 



We wish to show that 2(t — s) = 0. So, we assume first that 2{t ~ s) — dm and aim for a 
contradiction. Since m is odd, 2{t — s) = dm imphes that d is even. In particular, to — sq and 
t - s have the same parity. Moreover, (-l)*o-so = = ^(to-so)/m ^ ^(t-s)/m ^ ^ j.^^^ 
t — s is odd and | is odd. But m is odd, so we can also use our first conditions to get (— l)*o+*o = 

= ^_xy'"So ^_-[^^r?j.to _ ^so+to _ ^s+t _ ^2s+(t-s) _ ^2s+(dm/2) _ ^2s ^_-^yn _ _^2s 

Thus, squaring this identity gives 1 = C^'* so that d\4:S and hence f |2s. But | is odd so ||s and 
we may set s = |/ for some integer /. However, if s and therefore I are both even, we get 1 = 
(-1)'* = (-1)'*" = C*" = C* = c('+")'^/2 = ^ a contradiction, and if s and therefore / 

are both odd, then t is even and we get 1 = (-1)* = (-1)*" = C° = C ^ C'''^^ = (-1)' = -1, a 
contradiction. Thus 2{t — s) ^ dm. 

Therefore 2{t - s) = and hence t = s. In this case, 1 = (^("-/S)^™ = ,^^o-to ^ (_i)™(to-so) ^ 
(_l)to-so = ^_iyf3-a)d7n ^^^^^ j^g^^g gg^^^g parity. Moreover, C = C° = (-1)*° so d|2s 

with ^ 2s < 2dm. Hence 2s ~ Id for some integer I with ^ Z < 2m. If 2s = Id with Z odd, then 
d is even and -1 = (-1)' = (C^/^)' ^ = C = (-1)*" = (-1)' = (-1)"/^ = {-1^/^ so | is 
odd. On the other hand, if 2s = Id with I even, then 1 = C"/^ = C' = = (-1)*" = (-1)"+'''' = 
(_l)(V2+^)d go (^-(- i)d is even, and consequently {a + |)d is even. In this case, we also have that 
to is even. 

We are now able to describe the elements of Zg,-{E{Aq)). Recall that a typical homogeneous 
non-zero element z G Zg,{E{Aq)) has the form z = o^l-l)**" Ul^iilk ' ' • ^fc+so-O'^coTf" <5-° = 
Sl^o^(~l)'*" rife^il'?*: ' ■ ' (lk+s-i)~^Coj^°6l" for some cq G X*. We keep the notation of Proposi- 
tion [2?2] when referring to x,y,w. 

Kj . J 1 j_i ; 1 J. v-^m — 1 -i-rz / \_i adra+ld/2 c-Bdm-\'ld/2 

d IS odd, then / and to are even, so z = Ih^Alk ■ ■ ■ qk+id/2^1) c^^i 

with Of, P integers such that a + ^ and /? + ^ are even and O^^^m— l.Ifais even and we let 

I = 2L, then z is a scalar multiple of x^/^y^/^w^. If a is odd and we let ^ L then z is a scalar 

multiple of :r("-l)/2y('9-l)/2u;(™+L)/2^ 

If d is even with d = (mod 4), then I and are even. Then ^ ^ ^ m — 1 and z = 

Em— 1 T-r* /" ^ — 1 adm+ld/2 c-lidm+ld/2 . o • . tt ■ l l 

i=o llfc=i(9fc • • •9fc+id/2-i) co7j 0^ With a, /y mtegers. Hence z IS a scalar mul- 

tiple of x"j/''w'/2 

Finally, if d is even with d = 2 (mod 4), then I and have the same parity, so that z = 
Eilo^(-l)'* nLi(9fc ■ ■ ■ afe+id/2-i)"^Co7f''™^'''^^^f''™^'''^^ with a, /3 and / integers such that ^ 
I ^ 2m- — 1. In this case, z is a scalar multiple of x"y^wK 

Thus Zgi-{E{Aq)) is generated as an algebra by 1, a:, y and w, where x, y, w are as in Proposition 
12.21 It remains to verify the relations of the form = £xy, for appropriate e G K* and positive 
integer p. The proofs are straightforward and left to the reader. The final description now follows 
from Lemma 12.31 □ 



We summarize Propositions 12. 1[ 12.41 and 12.51 in the following result. 

Theorem 2.6. Let q = ((70,91, • ■ • ,?m-i) G [K*)™- and let ^ = go^i • • -^m-i- If C, is not a root of 
unity then Zgi (£'(Aq)) = K. Now suppose that is a primitive d-th root of unity. 

(1) If m is even or if chai K = 2 , then 

Zg,{E{A^)) ^ K[x,y,w]/{w^ - exy), 

where s ^ (-l)'"''/^ YlT=i' nlli(* ' ' ' Qk+d-i)-' ■ 

(2) If m is odd and char_R' ^ 2, then 

Z (E(A )) \ I^i^TVyM/ {^"^ ~ ^^y) if d = (mod 4) or d is odd 
gr( ^ "i^^ - '\K[x,y,w]/{w^"^ -exy) if d = 2 (mod 4) 



nm — 1 -f-fid { 
1=1 llfe^il^fe' 



where e = <^ H?"! ^Ilfeiil?- 



■ ■ qk+d-l] 



nm — 1 -r-r2/d / \ 
1=1 llk=Aik---qk+2d-i} 



if d = (mod 4) 
ifd=2 (mod 4) 
if d is odd. 



3. The Hochschild cohomology ring modulo nilpotence of Aq 



We begin with the foUowing corollary of Theorem 12.61 

Corollary 3.1. Let q = (go, 91, ■ ■ • , ^m-i) G {K*y" and let C = qoQi ■ ■ ■ Qm-i- Then E{A^) is 
finitely generated over Zgy-{E{Aq)) if and only if Q is a root of unity. 

Proof. Since Aq is a Koszul algebra, E{Aq) is generated as a iC-algebra in degrees and 1. If ( 
is not a root of unity, then E{Aq) is not a finitely generated module over Zgi (i?(Aq)) since -E(Aq) 
is an infinite-dimensional vector space. If C is a root of unity, then it is straightforward to verify 
that the set {7fi5* | < z, j ^ m — 1, ^ s,t ^ |a;|} is a sufficient (but not necessarily minimal) 
generating set for i?(Aq) as a Zgi.(i?(Aq))-module, where the degree of x is as given in Proposition 
O □ 

Using [31 [lO], HH*(A,)/AA = Zg,{E{Aq))/Mz, where Afz denotes the ideal of Zg,{E{Aq)) 
which is generated by all nilpotent elements. It is clear from Theorem 12.61 that JVz = so that 
HH*(Aq)/A/' = Zgr(S(Aq)). Thus we have the following result. 

Theorem 3.2. Let q — (go, 9i, ■ • • , Qm~i) & (JsT*)™ and let ( = q^qi ■ ■ • qm-i- If C *s i^ot a root 
of unity then IIII*(Aq)/A/' ^ K. If C is a root of unity, then HII*(Aq)/A/' is a finitely generated 
commutative K -algebra of Krull dimension 2. 

In particular, the conjecture of [10] holds for the class of algebras Aq for all q e (X*)™ . 
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